Abstract. We would like to find an explicit formula for the spectral function of the following Sturm-Liouville problem:
Introduction
Some forty years ago, Gelfand and Levitan, in a celebrated article [3] obtained an integral equation that related the spectral function T(X) of the selfadjoint operator (Lf=~¿f(x) + q(x)f(x), x>0, \ f'(0) -mf(0) = 0 to the real function q(x) and m . The purpose of this note is not to expose the work in [3] but to work out a method that gives the spectral function T(X) explicitly in terms of the potential q(x), i.e. solve the direct spectral problem. The importance of the spectral function lies in the fact that it contains all information about the spectrum of the operator. Indeed, the decomposition of the spectrum will correspond to the decomposition of the measure.
Recall that with each self adjoint operator is associated a unitary transform by which the operator is transformed into a simple multiplication by the independent variable. In our case this transform is represented bŷ which can be used in the above expression to obtain T(A). Recall that the functions K(x, t) and H(x, t) axe defined in fact through partial differential equations of hyperbolic type, and this alone makes it impossible to obtain H(x, t) explicitly. In this note we shall derive the function H(x, t) in a direct and natural way. It remains to use the inverse cosine transform in (3) to recover the expression of the spectral function T(A).
Explicit computation of H(x , t)
In this section we shall try to compute explicitly the kernel H(x, t) appearing in equation (2) . For the sake of simplicity we first deal with the case m = 0. Equation ( 1 ) can be rewritten as an integral equation (4) y(x, X) = costxvT) + t* sin((* ~ *)V5) . g{t)y{t ; X) dt Jo yx
From this and equation (2) one obtains
It is readily seen that in order to recover the function H(x, t) we need to write the right-hand side of (5) STm-jp + q«) and ^-0itXp,;i)|(-lîJ.
Recall in this case 3"ly(x, X) = Xny(x, X) holds in the classical sense and therefore (6) yields
Jo n>0Jo
To simplify the integration by parts, let us assume that q(t)£W°°[0,oo) and q{k)(0) = 0 VÂ: > 0.
Clearly for n> m <\2n+l
X2n + \ypiy --Y,Cß,r,sQ{t)ßq(t)(r)(x-t)
5?man(x-t)q(t)=[q(t) (*>-£)'
lx-i} m where 2n > r, ß > 1, and s > 1. Thus the contribution of the boundary condition at t = 0 and t = x is zero since q^(0) = 0, k > 0, and s > 1. For each fixed x, obviously jjxz(x -i)(2"+1) is continuous at t = x . Consequently [q(t) -2%\n(x -t){2n+l)q(t) is also continuous in [0, jc] . From (7) we deduce that (8) f H(x, t)y(t, X)dt = T f >"M* -t)q(t)]y(t, X)dt.
Jo n>0Jo
Remark. From the Gelfand-Levitan theory, H(x, •) £ W°°[0, x] and so the left-hand side is L^rw . This means that, for each fixed x, the series on the right converges in L2dT,x, and obviously the partial sums also belong to L2dV,x,, in other words, B-1)**Vo (2kl\)\q{t)y{t>X)dt^Lwy
The next Lemma will help us interchange the series with the integral in (8).
Lemma. Yj£o-&k\ak(x -t)q(t)] = ^fn+la"(x -t). Proof. It is readily seen that
Hence the Lemma is proved and as a consequence
Since the partial sum converges in Ldrw , we have
Jo Jo
Using the inverse y-transform, which is a unitary transform, we deduce
Thus we have proved The above expression is the key to our problem. Indeed as mentioned before we do not need to solve a partial differential equation in order to find H(x, t). We can also repeat a similar argument to obtain the function K(x, t).
The spectral function
Now we are in a position to find the spectral function just by using the nonlinear equation (3) 
